Abstract -The evolution and collapse of a gaseous toroidal vortex under the action of self-gravitation are considered using the Hamiltonian mechanics approach. It is shown that evolution occurs in three main stages separated by characteristic time scales. First, a compression along the small radius to a quasi-equilibrium state takes place, followed by a slower compression along the large radius to a more stable compact vortex object. In the latter stage, the possibility of effective scattering and ejection of particles along the vortex axis (jet formation) is detected. As a result, mass, energy, and momentum losses take place, and the vortex collapses.
INTRODUCTION
Vortices, which are traditionally described in the framework of incompressible fluid dynamics [1, 2] , are special objects of application of Hamiltonian methods. In the epoch of solitons, the interest in vortices as allied localized formations has grown considerably. The current state of this problem is described in reviews and articles [3] [4] [5] [6] [7] and in the references cited therein.
Compressibility and self-gravitation of such objects may play a significant role in astrophysical applications [8] [9] [10] . In some cases (e.g., in the vicinity of compact objects at the centers of galaxies), the effect of the external gravitational field on these objects may be significant. Both of these possibilities will be taken into account in this study.
Another extremely important problem in contemporary astrophysics is associated with the origin of cosmic jets arising, according to prevailing concepts, in accretion disks of various origins and scales (from galactic [11] to stellar [12] ). The interpretation of such jets is a nontrivial problem. In spite of considerable advances made in this direction in the framework of magnetohydrodynamics (MHD) [13] , serious difficulties still remain since solutions were obtained in a special geometry and strong magnetic fields are required. It will be shown below that the formation of (unidirectional) jets is a natural consequence of the evolution of self-gravitating vortices and is an indispensable condition of their collapse. Jets are also generated in zero magnetic fields.
A possible relation between this problem and the existence of occluding toroids 1 in the vicinity of central compact objects in the active galactic nuclei is mentioned [14] .
FIRST STAGE: EVOLUTION OF A THIN VORTEX
We assume that the shape of a vortex at the initial stage is a thin toroid ( Fig. 1 ) whose radii satisfy the inequality r Ӷ R .
(An analog of such a vortex in fluid dynamics is a Maxwellian vortex [1, 2] .) We will henceforth assume that the vortex evolution at the initial stage occurs without a change in the toroidal shape. Thus, in addition to a rotational degree of freedom, the system possesses two translational degrees of freedom corresponding to changes in r and R (we disregard the translational motion of the vortex as a whole). It should be noted that, in view of condition (1), the motion in r and rotation constitute a local compression of a rotating cylinder, while the motion in R indicates the collapse of a thin ring. We write the system Hamiltonian in the form (2) 1 We do not touch upon the classical problem of stability of toroids rotating as a single entity, which dates back to Poincaré and Dyson. The modern state of affairs in the framework of the general theory of relativity and references can be found in [15] . Here, M is the total mass of the vortex, p s are the momenta corresponding to coordinates s , ϕ is the cyclic coordinate of rotation, and U is the gravitational potential energy of the system. Hamilton equations corresponding to Hamiltonian (2) have the form
This leads to the equations of motion for the translational degrees of freedom,
and to the integral of motion for the rotational degree of freedom:
This integral of motion expresses the angular momentum conservation law (the quantity 2 π p ϕ / M in fluid dynamics corresponds to vorticity).
Let us now define function U ( r , R ). We consider first Eq. (4a) describing the evolution of a rotating cylinder of radius r. The gravitational force acting on a test particle on the surface of the cylinder is given by (6) where G is the gravitational constant, χ is the mass of the cylinder per unit length, and m is the mass of the test particle. Thus, the gravitational force appearing on the right-hand side of Eq. (4a) has the form
In the present case of a thin toroid, we have χ = M /2 π R , whence (8) In order to determine the dependence of potential energy U on large radius R , we consider the second equation of motion, Eq. (4b). It must describe the gravitational contraction of a thin ring of radius R . The force acting on a test particle located on an infinitely thin ring is given by (9) This formula can be derived by direct integration of the contributions from the interaction of the particle with all elements of the ring. In order to avoid divergence for ϑ 0, we must take into account the finite thickness of the ring. For this purpose, we truncate the diverging part of expression (9) , replacing the integration domain (0, π ) by ( ϑ c , π ), where ϑ c = α r / R ( α ~ 1 is a numerical factor). This gives (10) where = α / e . Setting in Eq. (10) and in Eq. (8), we note that formulas (8) and (10) can be reduced to the same form (the difference will be only in the coefficient 1/2). Such a difference is insignificant for our analysis, and we assume the true numerical coefficient in formula (8) .
We can now write the Hamiltonian (2) of a thin toroidal vortex: (11) In this case, the equations of motion (4) assume the form 
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In view of condition (1), we have Then, the force of gravitational attraction along r (12a) is much stronger than the force of gravitational contraction along R (12b). This allows us to divide the evolution of the system over different scales: fast (in r) and slow (in R). It is natural to assume that fast evolution (for practically constant R) leads to the establishment of equilibrium in Eq. (12a). In this case, the force of gravitational attraction is compensated by the centrifugal rotational force: ,
whence This expression determines the equilibrium small radius as a function of the large radius, r eq = r(R), while the inequality r > r eq corresponds to the criterion of gravitational instability with the Jeans scale r eq . The latter becomes obvious if we assume that the toroid mass is M ≈ ρπr 2 R, where ρ is its density [8] [9] [10] .
As a rough estimate of the time of vortex contraction along small radius r to the quasi-equilibrium state, we can use the expression (14) where r 0 , R 0 , and F r are the initial values of the small and large radii of the vortex and the force appearing on the right-hand side of Eq. (12a), respectively.
If inequality (1) holds at the initial instant, the toroidal vortex will experience, in accordance with the equation of motion (12b) and relation (13), a slow contraction along both radii until they become on the same order of magnitude: (15) At this stage, the initial assumptions (1) are violated, and the description used above becomes inapplicable. It is impossible in this case to divide the vortex evolution over two translational degrees of freedom r and R, and the vortex should be described as a single compact object with a complex internal structure.
Let us determine some of the most important parameters of the vortex, characterizing it at the second stage (15) . Using the angular momentum conservation law (5) and (13), we obtain the following expression for the velocity of particles on the vortex surface:
It can be seen that the rotational velocity of a vortex, which is in equilibrium in r, is determined only by its mass and the large radius and increases upon contraction along R. 2 When the vortex reaches the end of the first stage, the velocity attains the value (17) and becomes much larger than the initial velocity v 0 :
In analogy with relation (14), we can estimate the time of the vortex contraction along the large radius as (19) where F R is the force appearing on the right-hand side of Eq. (12b).
Let us also consider the distribution of the kinetic energy acquired by the vortex over the degrees of freedom. We assume that the substance in the vortex is initially almost free and its potential energy and kinetic energy (11) are small as compared to GM 2 /πR c . Then, at the critical stage (15) of the collapse, the potential and kinetic energies of the substance can be estimated as (20) (It should be noted that this result is in accordance with the virial theorem for U ~ R -1 ; i.e., E = -T < 0.) Since the total energy is an integral of motion and its initial 2 It should be noted that this is due to the fact that momentum p ϕ is canceled out in relation (16). This is a consequence of the equilibrium condition (13) , whose form is determined in turn by the form of potential (11) .
energy is close to zero, relations (11) and (20) imply that the kinetic energy of translational motion is of the same order of magnitude. Thus, we can conclude that the kinetic energy released during the contraction is distributed uniformly (in order of magnitude) between the rotational and translational degrees of freedom. This fact will be important for the subsequent analysis; in particular, this means that, if the rotational velocity of a particle of the substance is less than doubled at random, it is sufficient for the particle detachment and escape from the system.
SECOND STAGE: EVOLUTION OF A COMPACT VORTEX
Let us try to imagine the scenario of contraction of a gravitating vortex, when it is a compact object topologically equivalent to a toroid. We can expect that, under the action of gravitational forces, it will approach a certain spheroidal configuration resembling a Hill vortex [1, 2] (Fig. 2) . If we consider such an object as an estimate, we can assume that it possesses a rotational and a translational degree of freedom. The latter is determined by a change in its radius R. The rotational radius of particles (which was the independent quantity r in the previous section) is now approximately equal to R/2. The Hamiltonian of such a vortex can be written in the form (21) Here, we have assumed that the form of the second term is the same as in relation (11) with r = R/2 and have taken the potential energy of a sphere for the potential where R c1 plays the role of the Jeans scale as before. Thus, this object is in equilibrium for a radius on the same order of magnitude as that at which the first stage of evolution terminates (cf. relation (15)). This means that, in the problem on the collapse of a thin toroidal vortex, there is no need to consider the evolution of a compact vortex separately. We can assume that equilibrium sets in immediately after the ring acquires parameters (15)-(18).
On the other hand, we can consider the problem of contraction of a vortex, which resembles a Hill vortex from the very outset (Fig. 2) , but is initially far from equilibrium. Then, we ultimately arrive at an equilibrium compact vortex with a radius on the same order of magnitude as the radius in (23). The rotational velocity of particles in this case is of the order of velocity (16): (24) where Similarly, it can be easily proved that, upon the establishment of equilibrium (23), at least half the released potential energy is transformed into the kinetic energy of rotation (the remaining part being transformed into heat).
SCATTERING AND DETACHMENT
OF PARTICLES Thus, after various possible stages of evolution, a toroidal vortex is transformed into a compact object with characteristic parameters (15) , (17), and (18) (or (23) and (24)) (see Fig. 2 ). The rotation velocity of the substance in it is much higher than in the initial vortex. It is worth noting that flows of matter passing through the vortex in the vicinity of its axis are closely spaced. This means that effective scattering of particles may take place in this region. Such a scattering will obviously increase the velocity of a certain fraction of particles. In accordance with the arguments given at the 
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end of the previous two sections, a less than double increase in the rotational velocity of particles is enough for gathering a kinetic energy sufficient for the detachment. Consequently, we can expect that a certain fraction of particles from the flows passing along the axis of a compact vortex acquire a sufficient energy as a result of scattering and are ejected from the vortex. Thus, a directional jet carrying away the matter from the center of the vortex can be formed. (Here, we disregard the change in the vortex configuration that Fig. 3 . Typical finite trajectories of a particle in the gravitational field of the ring. In the plane (ρ = r/r 0 , ξ = z/r 0 ), the particle moves around two attracting centers formed as a result of the dissection of the ring. The initial conditions are ρ = 1 + ρ 0 , ξ = 0, = 0, and = (the value of is chosen to coincide with the "orbital velocity" in Eq. (12a), which is valid in the vicinity of attracting centers). (a) ρ 0 = 0.08, rotation around a single center; (b) ρ 0 = 0.17, "dovetail"-type motion around a single center; (c) ρ 0 = 0.22, motion of the double "figure-of-eight" type around two centers; (d) ρ 0 = 0.42, motion of the "figure-of-eight" type around two centers; (e) ρ 0 = 0.81, motion of the "dovetail" type around two centers; (f) ρ 0 = 2, rotation around two centers. 
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may take place as a result of the mass loss due to such ejection.) Let us consider one more argument illustrating the above scenario. In the Appendix, we will consider the motion of a test particle in the gravitational field of a ring (thin toroid) with a fixed radius (Fig. 3) . For low energies, the particle rotates in a small-radius orbit wound around the ring (Fig. 3a) . This motion corresponds to a thin vortex (the possible first stage of the evolution). As the particle energy increases, various complex trajectories appear; however, the orientations of these trajectories do not correspond to vortex motion and we will not consider such trajectories here. Finally, starting from a certain energy value, the particle passes to almost closed trajectories of a figure-of-eight shape (Fig. 3d) . The rotational radius of particles becomes on the order of the ring radius (15) , which corresponds precisely to the final sage of vortex contraction. The kinetic energy of a particle in such trajectories is close to the energy required for the detachment of particles. The motion of particles in "figures-of-eight" will lead to their effective collisions and scattering in the vicinity of the vortex axis. 3 We can state that the toroid contraction has qualitatively the same consequences for moving particles as an increase in their energy for a fixed size of the toroid. Obviously, a tendency ultimately leading to the detachment of a fraction of particles exists, the most favorable conditions for this effect being created in the vicinity of the vortex axis. In the long run, this leads to the emergence of an axial (unilateral) jet carrying away the energy, mass, and angular momentum of the vortex. As a result, the vortex contraction will continue (resulting in collapse), the contraction rate dR/dt being determined by the vortex mass loss rate (particle flux in the jet; see below). Thus, the vortex collapse and the emergence of a jet are correlated unambiguously.
VORTEX COLLAPSE
Let us consider the consequences of the ejection of particles from a vortex according to the scenario proposed in the previous section. The particle flow carries away the mass, energy, and angular momentum of the vortex. The latter quantities can be estimated as (25) where all the quantities correspond to an equilibrium compact vortex (see Section 3) and E = -T (see above). Relations (25) lead to
Differentiating this relation with respect to time, we obtain (27) We assume that the particle flux is comparatively small and this process occurs at a much lower rate than the rate of establishment of equilibrium of the compact vortex. In this case, we can estimate the change in the characteristics of the vortex carried away by the particle flow as (28) where J is the mass flux in the ejected jet of matter. Substituting relations (28) into (27) and taking into account relation (26), we obtain Here, β ~ 1 is a certain positive constant (emerging due to the fact that we obtained above only order-of-magnitude estimates for the vortex parameters), and the initial instant of time corresponds to the arrival of the vortex at the compact equilibrium state and to the beginning of the effective scattering and detachment of particles. The time dependence of the vortex mass M(t) is determined for the specific mechanism of particle scattering. In the general case, the mass flux of matter, J = -, is a function of the main vortex parameters: mass, energy, and angular momentum. If we assume in the simplest case that the flux of matter is proportional to the vortex mass and weakly depends on other parameters (J = kM), Eqs. In accordance with the above assumptions, the collapse must be slow as compared to the characteristic time of the vortex contraction to the equilibrium state, which corresponds to t col ӷ t 2 . Figure 3 shows typical results of numerical calculations based on these equations for a finite motion. The trajectories lie in the (ρ, ξ) plane and are given in increasing order of the particle energy. It can easily be seen that, in trajectories of the "dovetail" type (see Figs. 3b and 3e), a particle moves practically along the same curve in opposite directions; consequently, such motion cannot be maintained in the framework of collective motion of particles since the latter motion would inevitably lead to collisions and strong scattering. In addition, the trajectories in Fig. 3c and 3f cannot exist for a collective vortex motion of particles since different segments of a trajectory correspond to opposite directions of vorticity. Thus, only the trajectories in Figs. 3a and 3d can exist in the framework of collective vortex motion of particles. The trajectory in Fig. 3a is the cross section of a thin toroidal vortex of the Maxwellian vortex type considered in Section 2, while the "figure-of-eight" in Fig. 3d can appear during motion of particles in a compact vortex of the type of a Hill vortex emerging at the late stage of contraction (see Section 3). 
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